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Introduction 



< 

, Complex projective space P„, etale quotients of complex tori and compact com- 

plex manifolds whose universal cover is the unit ball B" C C" are standard 
examples of complex Kahler manifolds admitting a (flat) holomorphic normal 
projective connection. In particular, any compact complex curve admits a (flat) 
holomorphic normal projective connection. In Holomorphic projective structures 



on compact complex surfaces / and //, |K0|, Kobayashi and Ochiai proved that 



the list of compact complex Kahler surfaces admitting a normal holomorphic 
projective connection is precisely this list of standard examples. Their result 
raised the question whether or not the list is complete even in higher dimensions. 

In this article we give a complete classification of projective threefolds admit- 
ting a holomorphic normal projective connection. The result shows in particular 
that the above list is not complete in general: 



5.1 



The class of 3-dimensional complex projective manifolds admit- 



Theorem 

ting a holomorphic normal projective connection consists precisely of 
1-) F3, 



, 2.) etale quotients of abelian threefolds, 

' 3.) etale quotients of smooth modular families of false elliptic curves, 



4-.) manifolds, whose universal cover is the unit ballM^ C C^. 

However, as in the case of curves and surfaces, this list coincides with the list of 
projective threefolds admitting a flat holomorphic normal projective connection. 

Recall that a false elliptic curve is an abelian surface, where the Q-endo- 
morphism algebra EndQ is a totally indefinite quaternion algebra. The moduli 
scheme of such a surface is known to be a Shimura curve; we briefly recall the 

*The authors were supported by a Forschungsstipendium of the Deutsche Forschungs- 
gemeinschaft and the DFG-Schwerpunkt Globale Methoden in der komplexen Geometrie. 
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construction of the universal family in Example 1.2. Modular families of false 
elliptic curves are well-known, but seem not to have been considered as a source 
of examples of manifolds admitting a flat holomorphic normal projective con- 
nection. Note that their Kodaira dimension is one. The proof of Theorem 
bases on Mori theory, which is so far only sufficiently settled in the projective 
case, and results from variation of Hodge structures. 

In On Fano manifolds with normal projective connections, Q, Ye proved, 
that P„ is the only Fano manifold with a holomorphic normal projective con- 
nection. Recall that a complex (projective) manifold X is called Fano if the 
dual of the canonical bundle Kx is ample. It is called minimal if Kx is nef, 
i.e., if Kx has nonnegative intersection number with any irreducible curve in 



X. The following general structure Theorem 3.1 is one of the keys to the proof 



of Theorem 5.1 



Theorem 3.1 Let X be a projective manifold of dimension n with a holomorphic 
normal projective connection. If X 9^ P„, then X is minimal and does not 
contain any rational curve. Furthermore: 

1. ) If Kx = 0, then X is covered by a torus. 

2. ) If Kx is big, then Kx is ample and X is covered by the unit ball. 

In general, if Kx is abundant, then the litaka flbration f : X Y is equidi- 
mensional and the general fiber is covered by an abelian variety. Moreover, 
{n+lYcr{X) = ("+^)c5;(X) inH''{X,^rx) andc,{X) ^ for i > dimF. 

Recall that the abundance conjecture claims that Kx is abundant if X is min- 
imal, i.e., that ImXjf | is base point free for some m 3> 0. The induced map 
f : X ^ Y (after Stein factorization) is called litaka flbration. The abundance 
conjecture is known to hold true in dimension < 3 ( jKa] ). 

Theorem 3. 1 is proved in the sections |^ and |3[ In section ^ we give a new and 



shorter proof of Kobayashi and Ochiai's result of the surface case. In section |^ 



the main Theorem 5.1 is proved 



Acknov^rledgements. The idea to this paper came up during a stay of the au- 
thors at the University of Michigan, Ann Arbor, USA. The authors are grateful 
to Professor R. Lazarsfeld and Professor Th. Peternell for several encouraging 
discussions. The authors are grateful to Professor E. Viehweg for explaining one 
of his recent results. 
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1 Projective structures and connections 



In this section we briefly recall some basic definitions and results. Throughout 
this section, we assume that X is a compact Kahler manifold of dimension 
n, even thou gh th e Kahler condition is not always necessary. Concerning our 
notations see 



1.10 



1.1 Holomorphic affine and projective structures. ( ]K0| or [KW ). X 
is said to admit a holomorphic affine (resp. projective) structure, if it can be 
covered by coordinate charts, such that the coordinate change is given by re- 
strictions of holomorphic affine (resp. projective) transformations of C" (resp. 

A manifold with a holomorphic affine structure admits a holomorphic pro- 
jective structure. The "list of standard examples" of compact complex Kahler 
(-Einstein) manifolds admitting a holomorphic projective structure, already 
mentioned above, consists of 

1. ) the projective space P„, 

2. ) etale quotients of complex tori, 

3. ) manifolds, whose universal cover is the unit ball B" C C". 

In 3. note that the group of automorphisms of B" is SU(l,7i), a subgroup of 
PGl(n+ 1). By the uniformization theorem, every compact complex curve is in 
the list of standard examples, i.e., admits a holomorphic projective structure. 
The manifolds in 2. admit a holomorphic affine structure. 

There is one more (projective) example in dimension 3: the Kuga fiber space 
associated to a totally indefinite quaternion algebra. Even though these fiber 
spaces have been studied from many points of view by Kuga, Shimura, Satake, 
Mumford et al., they seem not to have been considered as a source of examples of 
manifolds admitting a holomorphic projective structure. Note that this example 



will not be called "standard". In our brief description we follow |LB| 



1.2 Example. Let F be a totally indefinite quaternion algebra over Q. As an 
algebra, F is generated by two elements u,v ^ F satisfying 

= a, = 6, uv = —vu 

for some a, 6 G Q. F is a division algebra and F(g)QR ~ Af2(R)- We may regard 
the elements of F as matrices. Let A C F be some rank 4 Z-lattice in F, and 
let Q e F be a nondegenerated matrix satisfying ~ —Q and tr(A(5A*) C Z. 

We have „) some a e M, a ^ 0. 

Denote by H = {t G C | 3m{T) > 0} the Siegel upper half plane. For any 
T G H, define jr '■ F Cg)Q M^C^byyl^A-(^). The map jr is an isomorphism 
of K-vector spaces for any r; it endows F ®q M ~ R"' with a complex structure. 
The lattice A acts freely on x H by (z, t) i-^ {z + jri^), t). The quotient 

Xf = (C^ X H)/A 
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is a complex manifold and a smooth family of abelian varieties over H. Denote 
the fiber of X over r S H by X^- The lattice A determines an arithmetic 
subgroup of the symplectic group 

r' = {.geSp2(M)|A(i l)gQ IV' C A}. 

There exists a subgroup F C F' of finite index that is torsion free ([^, IV, 
Lemma 7.2). The group F acts on H by 

ar + b 



Moreover, if ^ j G F, then multiplication with (cr + d) induces an isomor- 
phism X ar+b — * Xt- The induced action of F on — > H is properly and 

CT+d 

discontinously. The quotient Xf/F — > H/F is a smooth abelian fibration. Since 
is a division algebra, H/F is compact. The form Q defines an embedding of 
Xi?/F into projective space. If we view x H as part of a standard coordinate 
chart of P3, then it is clear that Xp/T has a holomorphic projective structure. 
By construction, Xp/T is not one of the standard examples. 

The corresponding infinitesimal notions to holomorphic afhne and projective 
structures are holomorphic afhne and projective connections. Before we come to 
this we recall the definition of the Atiyah class of a holomorphic vector bundle: 

1.3 The Atiyah class and a{E). ([^). Let £' be a holomorphic vector 
bundle of rank r on X and 2;^, . . . , z^Iqg/ coordinate charts with coor- 
dinates where E is trivial. Let {[/q,; e;!,, . . . , e^jag/ be a local frame for 
E. Let gap G H^{Ua H C//3, Gl(r, Ox)) be transition functions of E such that 

eh \ y^^^ 

— 2^1 9ap^a- 

The Atiyah class of E is the splitting obstruction of the first jet sequence 

— yn]i(g)E — > Ji{E) — >E — > 0, 

i.e., it is the image of id_E under the first connecting morphism 

H°{X,£nd{E)) — >Ext^{E,n]^®E) ~ H^{X,£nd{E) 

The Dolbeault isomorphism H\X,£nd{E) ® rjJc) - H^'^{X,£nd{E)) maps 
the Atiyah class to [— where Qh denotes the canonical curvature of E with 
respect to a hermitian metric h on E. In particular, the trace of the Atiyah 
class is ~2T:ici{E) in H^{X,n]^). 

If we define a{E) as times the Atiyah class of E, then the trace of 

a{E) is Ci{E), which makes this definition convenient for our purposes. In local 
coordinates, a{E) is the class of the Chech cocycle a{E)af) G Z^{U,£nd{E) (g) 
J7^), where 

a{EU = T.^,,,l ^dzi ® ei ^ e'p* = T.i<j,i<r dg'^p^ ® ^'p ■ 

See for the functorial behavior of a{E) under pull-back, tensor products and 
direct sums. 
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1.4 Holomorphic afRne and projective connections. ( KO or [ KW| ) X 

is said to have a holomorphic affine connection if 



a{Vl\)=Q in H^{X,Vl^x®T 



X 



where Tx and denote the holomorphic tangent sheaf and the sheaf of holo- 
morphic 1-forms, respectively. If X has a holomorphic afhne structure, then 
X has a (flat) holomorphic afhne connection. Since we assume X Kahler, the 
existence of a holomorphic affine connection implies that X is covered by a torus 
( I K W ] , 2.4.1. Theorem). In other words: a compact Kahler manifold admits a 
holomorphic affine connection if and only if it is covered by a torus. 
X is said to have a holomorphic (normal) projective connection if 



cijKx) 
n+1 



cijKx) 
n+1 



idol in H\X,n],<S>T: 



X 



X 



where we use the identifications 



(g) £nd{n]() 



and consider ci{Kx) as an element in H^{X,il.x). (See |MM] for a more dif- 
ferential geometric description of projective connections). From now on we will 
drop the appellation "normal" . If X has a holomorphic projective connection 
and ci{X) = in H^{X,nx), then X has a holomorphic affine connection. 
Hence: a compact Kahler manifold with a holomorphic projective connection 
and ci{X) = is covered by a torus. 

If X has a holomorphic affine (projective) structure, then X admits a holo- 
morphic affine (projective) connection. A holomorphic affine (projective) con- 
nection is said to be flat or integrable if it corresponds to a holomorphic affine 
(projective) structure. The examples in 1.1 and 1.2 all have a flat holomorphic 
projective connection, li X has a holomorphic affine (projective) connection and 
X ^ X is etale, then X admits a holomorphic affine (projective) connection. 
Gunning's formula on the Chern classes of a Kahler manifold with a holo- 

p.94) 



morphic projective connection says (|Gu 



{n + iycr{X) = {^^+')c[{X) in H^{X,n^x), 



(1.5) 



where Cr{X) = Cr{Tx) G H^{X, ^^x)- Important for our purposes will be more- 
over the following result of Kobayashi and Ochiai: 

1.6 Theorem [Kobayashi, Ochiai]. The list of Kdhler-Einstein manifolds 
admitting a holomorphic projective connection is the list of standard examples. 

Theorem |1.6| is prov ed by sh owing, that X is of constant holomorphic sectional 
curvature (see |^ or |KW|1 , I, 1.7.1.). 



1.7 Projective connections and exact sequences. The following argu- 
ment, in slightly varying form, will be used in most of the proofs: let v : Y —> X 
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be some morphism (not necessarily surjective), X, Y compact Kahler manifolds, 
dim(X) = n > 2. Assume that we have a bundle sequence 







K 



on Y. We get maps 



H\Y,i^*n\^(x):,*Tx(E)n\.)- 



H\Y,Q®Q* 
-H^{Y,Q(g)j^*Tx<E>n\.), 



where (p is given by p (g) id id and -0 = id (8) p* ® id. In this diagram, the classes 
a{i'*flx) and a{Q) are mapped onto the same class in H^{Y, Q (g) i'*Tx ® ^y), 
i.e., 

^(a^rii,)) = ^(a(Q)). (1.9) 

This can be seen either by thinking of the transition functions of as 
upper triangular matrices corresponding to ( |l.8| ) or by diagram chase in the 
corresponding jet sequences (up to our factor — 27ri, the classes in ( |l.9D are the 
image of p under H°{Y, Q (g, v*Tx) — > H^{Y, Q ® v*Tx (E) ^y))- 

If X has a holomorphic projective connection, then we have a(i^*f2^) = 

® diy. Here, we carefully distinguish between 



id^ 1 ® £ii]g£2d + 

V ^ n+1 



c\{y*Kx^ and v*c\{Kx\ Now we make two assumptions. The first is 
v*c^{Kx) e im(i7i(y, A-) H\Y,v*^\)). 

Then (p(^^^^^^^ ®dv) = ^ and therefore ip{a{y*^\)) = p® On the 

other hand, idQ 



e H^{Y,Znd(Ct)®^\), and 



n+l 



^(a(Q)) = v{a(v*^\)) = p ® = ^(idg ® 



which we formally write as ip{a{Q{ ^_|^^' ))) = 0. The second assumption is ^ 
being injective (e.g., if (1.8) splits holomorphically) . The injectivity implies 

aiQ) = idg ® Siig^ and {n + l)'^c,(Q) - )cU^*ifx). 

Hence, if the two assumptions hold, then we get informations about the posi- 
tivity of Q from the positivity of Kx ■ 

Note that if F is a curve, then, by Riemann-Roch, the injectivity of ip is 
equivalent to the surjectivity of H°{Y, Q* ® — > H°{Y, 8nd{Q)*), which 
implies the splitting of ( |l.8| ). 



1.10 Notation and conventions. For a compact complex manifold X, the 
canonical divisor is denoted by Kx- If X ^ F is a morphism, Kx/y = Kx — 
f*KY- We will identify line bundles and divisors and write Kx and Kx/y 
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instead of Ox{Kx) and Ox{Kx/y), respectively. The tensor product of line 
bundles will be denoted by + or (g). A line bundle is called nef, if the intersection 
number with every irreducible curve is non-negative. It is called big, if the top 
self intersection class is positive. A vector bundle is called nef, if C'p(£;)(l) is 
nef on P(£'). We write Ci{X) = Ci{Tx)- The Kodaira dimension of X will be 
denoted by n{X). The symbol = denotes numerical equivalence. 



2 Manifolds containing a rational curve 

Among the standard examples, projective space P„ is the only one that contains 
a rational curve. In this section we prove: 

2.1 Theorem. Let X he a compact Kdhler manifold of dimension n with a 
holomorphic projective connection. If X contains a rational curve, then X ~ P„. 

Since Fano manifolds contain rational curves, we obtain Ye's resuh (0): the 
only Fano manifold with a holomorphic projective connection is P„. Ye uses 
deformation theory, while our proof is completely different. 

Proof. Let C be any rational curve in X and / : Pi ^ X its nor maliza tion. 
The claim is that f*Tx is ample. Then X ~ P„ by Mori's Theorem ( 1Mo1| and 
[ ^IP| , p. 41, 4.2. Theorem in particular). On Pi, the bundle f*Tx splits 

/*Tx =©r=i0Pi(a»), ai<---<an, a„ > 2. 

If all Oi > 2 then the claim is obviously true, hence assume that there exists 
an index 1 < io < n — 1, such that a.; < 1 for i < io. We have the two 
non-trivial subbundles T<i — ®ai<iOr-^(ai) and T>i = ©ai>iOpi (flj): ^^'^ 
f*Tx = T<i © r>i. It is e nough to show that T<i is ample. To this end, we 
apply the method from 1.7 to 

— > T^i — > f*9}x ^ 7'<i — ' 0- (2.2) 



Since i?^(Pi,T<j^) = 0, the first assumption in 1.7 is satisfied, claiming that 
rciiKx) G im'(ifi(Pi,r*i) H\¥,,f*^],)). Hence ^(a(T^i(4^)]) = 
by 1.7. Since (2.2) splits, ip is injective, i.e., the second assumption in 1.7 is 
satisfied as well. Hence 

a(T^i) = idr^^ ® ^i^^^ in ^(Pi, £nd(r|J ® ri^J. 

Since T>i splits into a sum of line bundles, contraction of a(T<i) to the j-th 

diagonal entry gives ci{OvMi)) = ^^^^^^T^ -ff^(Pi, f2pj for i 1, . . . , io- 
Hence, if —Kx-C = r, then 

(n + l)\r and r<i ~ ®,„Op,(;^). 

This shows degT<i = io-^- Since deg(r>i©r<i) = deg/*Tx = -Kx-C = r, 
we have degT>i = (n + 1 — jq) • But degT>i > by definition of r>i. 

Hence —Kx-C — r > 0, and T<i is ample. □ 
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3 Minimal manifolds 



Let X be a projective manifold with a holomorphic projective connection dif- 



ferent from P„. By Theorem 2.1, X do es not contain a rational curve. The 
cone theorem, first proved by Mori (|Mo2|), states that if Kx is not nef, then X 



contains a rational curve. Hence, Kx is nef and X is minimal. The abundance 
conjecture claims that moreover \mKx \ is base point free for some m ^ 1. The 
induced map 

I-.X^Y, 

after Stein factorization, is called litaka fibration. Here, K is a normal projective 
variety of dimension k(X). The abundance conjecture is known to hold true in 
the case dimX < 3. 

3.1 Theorem. Let X be a projective manifold of dimension n with a holo- 
morphic normal projective connection. If X 9^ P„, then X is minimal and does 
not contain any rational curve. Furthermore: 

1. ) If Kx = 0, then X is covered by a torus. 

2. ) If Kx is big, then Kx is ample and X is covered by the unit ball. 

In general, if Kx is abundant, then the litaka fibration f : X ^ Y is equidi- 
mensional and the general fiber is covered by an abelian variety. Moreover, 
{n+iycriX) = ("+^) c{{X) in and aiX) = for i xiiuiY . 



Proof. If X 9^ P„, then X does not contain a rational curve by Theorem 2.1 



By the cone theorem, Kx is nef. If Kx = 0, then X is covered by a torus (see 



yD 



Assume that Kx is abundant and let f : X Y he the litaka fibration. 
Since mKx is trivial on each fiber of /, the dual of Kx is /-nef. Hence, by a 
theorem of Mori and Mukai ( [|MoMij] , Theorem 2), any irreducible component 



of Exc(/) — {x € X \ dim^ /^^(/(.t)) > dimX — dimF} is covered by ratio- 
nal curves, if it is not empty. Since X does not contain a rational curve by 
Theorem |2.l| , Exc(/) — 0, i.e., / is equidimensional. 

If Kx is big, then Kx is abundant by the base point free theorem (see for 



example [KMM|). The litaka fibration / is hence a birational, equidimensional 
morphism. Hence Kx is ample and / is an isomorphism. By the theorem of 
Aubin and Yau, X admits a Kahler-Einstein metric. Claim 2. hence follows 
from Theorem |l.6| . Claim 1. and 2. are proved. 

Since dimF = k{X) = y{X) = u\a.yii,{ci{Kx) 7^ 0}, the Chern classes Ci{X) 
vanish for i > diml" by Gunning's formula ( |l.5| ). Let F be the general fiber of 
/. Then Np/x ~ and the adjunction formula shows ci{Kf) = 0. The 



following Lemma 3.2 completes the proof of Theorem 3.1 



□ 



3.2 Lemma. Let X be a projective manifold of dimension n with a holomor- 
phic projective connection. Let f : X Y be some morphism with connected 
fibers, Y normal. If the canonical bundle of the general fiber F is numerically 
trivial, then F is covered by an abelian variety. 
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Proof. There exists a finite unramified cover v : Ayi N ^ F, where A is abelian 
and N is simply connected with vanishing first Chern class, Q. We have to 
show diniA^ — 0. Assume dimA^ — r > Q. Identify N and {a} x N for some 
fixed a G A and \ei v : N —* F he the induced map. We have the exact sequence 







O 



N 



ci(i/'Kx) 
n+1 



+ 





n+1 



(3.3) 
dv, since X 



on N. By definition, a{i'*il^) = id^.j 

has a holomorphic projective connection. Using the maps from 1.7 defined by 
(U), we find ip{a{v*n\)) 



dv. Define 



ci{u* Kx) 
n+1 



ciju'Kx) 
n+1 



n+1 ' n+1 

id^i e i?^(A^,rjjv ® TV 0l^jv) 



Then V'(C) = dv ® 



ci(v* Kx) 



ci{u'Kx) 
n+1 



1 — w dv, which implies 

If we assume, as in |l.7j , that ip is injective, then 



(3.4) 



The trace gives tr(a(f7]v)) = ci{Kn) = ;^ci(j/*A:x) + ;^ci(z/* if^)- Hence 

'^^r+r'' ~ ^^^"^n+T^' '^t'ich means by (3.4), that N has a holomorphic projective 
connection. Since ci{Kn) — 0, is covered by a torus by 1^, contradicting 
the fact, that A^ is simply connected. It remains to show the injectivity of V', 
which is equivalent to the surjectivity of 

i7°(7V, Vt]^ ® v*Tx (E> nlf) — > H°{N, n]^ eg) 0%^""'^ (E> n]^). 



All elements in question are symmetric, i.e., a{ftlf),£, £ H^{N, S^fl]^ •SJTV) 
hence suffices to show the surjectivity of 

H°{N, S^njf ® v*Tx) — ^ H°{N, S^nlf (g) O®'""''^). 



It 



But H"{N, S^n]^) = Ohy 
is proved. 



Theorem 5.6. and Theorem 2.1. The lemma 



□ 



We conclude this section by applying method 1.7 to submanifolds with split- 
ting tangent sequence. A theorem of Van de Ven states, the only compact 
submanifolds of P„ with holomorphically splitting tangent sequence are linear 
subspaces, [VdV]. 

3.5 Proposition. Let X be an n-dimensional compact Kdhler manifold with a 
holomorphic projective connection. IfY is an m- dimensional compact subman- 
ifold with splitting tangent sequence, then Y admits a holomorphic projective 
connection and 

c_^^c_,iKxM H\Y,n\.). (3.6) 



9 



Proof. By assumption, the canonical sequence 



Y/X 



X\Y 



(3.7) 



splits holomorphically. As in the proof of Lemma |3.2| we get a(r2y) = id^^^ 

'^^^n+i^'' + ^^''n+i^'' ® i'ioi • The trace gives (3.6); hence Y has a holomorphic 
projective connection. □ 



Note that Van de Ven's theorem follows immediately: let be a subman 
ifold of P„ with splitting tangent sequence. By (3J) from Proposition 3.5 
—Ky is a mp le, i.e., Y is Fano with a holomorp hic projective connection. By 
Theorem F ~ P,„. If d = deg(y), then implies d = 1, i.e., Y is 

linearly embedded (note, however, that it is not difficult to conclude Van de 
Ven's theorem directly from Mori's theorem on manifolds with ample tangent 
bundle). 



4 Surfaces 



In pCO| , Kobayashi and Ochiai give a list of all classes of compact complex 
surfaces admitting a holomorphic projective connection. In this section, we give 
a short alternative proof of this result in the case of Kahler surfaces since it 
shows the general principle of how to deal with minimal manifolds admitting a 
holomorphic projective connection in case of abundance (Proposition 4.3). 



4.1 Theorem. Every compact Kdhler surface with a holomorphic projective 
connection is in the list of standard examples. 

4.2 Remark. In the non-Kahler case, certain Hopf s urfac es an d othe r surfaces 
with a holomorphic affine connection add to the list (| K0 and [ [K0 |). 



Proof of Theorem Let X be a compact complex Kahler surface with a holo- 
morphic projective connection, X not necessarily projective. By Theorem 2.1 
X contains no (—1 
example. By (1.5) 

ample [ BPV| ) shows that the only case possibly remaining is that of a properly 
elliptic surface where k{X) = 1. Theorem 4.1 is therefore proved by 



curve, i.e., X is minimal. Assume that X is not a standard 
— 3c2. The list of minimal Kahler surfaces (see for ex- 



4.3 Proposition. A minimal properly elliptic Kdhler surface does not admit 
a holomorphic projective connection. 

Proof. Let X be a minimal properly elliptic Kahler surface and let / : X C be 
the morphism defined by \mKx\ for some m ^ 0, C a smooth compact curve. 



Assume X admits a holomorphic projective connection. By (L5), — C2 = 0. 



By Theorem 2A, the only singular fibers of / are of type mio, i-c, multipl es of 
a smooth fiber. After an etale cover we may assume f*Kx/c — Cc (| BPV |, III, 
18.2. and 18.3.). Define D = J2]^^{m^ - 1)F„ where are the singular fibers 
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with multiplicities rrii, i = 1, . . . ,L The canonical bundle formula (|BPV|, V, 
12.1.) gives 

The differential d/ : f *Kc factorizes over f*Kc ^ Ox{D) and we obtain 

the exact sequence 

0^rKc®Ox (D) -^n],^Ox^0. (4.4) 



From xiOx) = ^^(c? + 2c2) = we infer q{X) = h^{X,Kx) + 1. Hence Q 



is e xac t on 7f°-level, im plyi ng that the sequence splits holomorphically. Then, 



by |L7| using sequence ( [4.4|) , one has ci{Kx) = 3ci(Ox) = 0, contradicting 



k{X) = 1. The proofs of Proposition O and Theorem ^J] are complete. □ 



5 Threefolds 

Let X be a smooth projective variety of dimension 3 with holomorphic projective 
connection, different from P3. By Theorem X is minimal and X is in the list 
of standard examples, provided k(X) ^ 1, 2. Since Kx is nef and the abundance 
conjecture holds in dimension 3, we have the litaka fibration 

f-.X^Y, 



induced by \mKx\ for some m ^ 1. By Theorem 3.1, / is equidimensional and 



the general fiber is covered by an abelian variety. Since X does not contain a 



rational curve by Theorem 2.1, / has a very special structure: 



• If n{X) = 1, then / is an almost smooth abelian or hyperelliptic fibration 
over a smooth curve Y — C, i.e., the only singular fibers are multiples of 
an abelian or hyperelliptic surface ([Q, Theorem B.I.). 

• If k{X) = 2, then / is an almost smooth elliptic fibration over a normal 
surface Y = S, i.e., the only singular fibers are multiples of an elliptic 
curve. 

The aim of this section is to prove the main theorem: 

5.1 Theorem. The class of ^-dimensional complex projective manifolds ad- 
mitting a holomorphic normal projective connection consists exactly of 

1-) F3, 

2. ) Stale quotients of abelian threefolds, 

3. ) etale quotients of smooth modular families of false elliptic curves, 

4-.) manifolds, whose universal cover is the unit ballM^ C C^. 

This list coincides with the list of projective threefolds admitting a flat holomor- 
phic normal projective connection. 
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Proof. The examples 1.1 and 1.2 in section Q prove that any manifold in The- 
orem 5.1 has a (flat) holomorphic projective connection. Conversely, let X be 
a projective threefold with a holomorphic projective connection. If X is not 
in the list of standard examples, then X is minimal and the litaka fibration 
maps onto a normal curve or surface. The surface case k{X) = 2 is excluded 
by Proposition 5.2 below. In the case k{X) = 1, X is, up to an etale cover, a 
smooth modular family of false elliptic curves by Corollary ^.9| . □ 

5.2 Proposition. A projective threefold of Kodaira dimension 2 does not 
admit a holomorphic projective connection. 



Proof of Proposition 5.1. Assume that X is a projective threefold with k,{X) = 2 
admitting a holomorphic projective connection. By Theorem 3.1, X is minimal. 
Let f : X ^ She the litaka fibration, S a normal surface. / is an almost smooth 
elliptic fibration. Let U C S* be a Zariski open set in S, such that contains 
Ssing and the points in S, where sing{f) is not a normal crossing divisor. 

The double dual of some tensor power of f*Kx/s (a priori only defined on 
Sreg) IS trivial and induces a cover 5 — > S* from a normal surface S, unramified 
over U. Let S' and X' be desingularizations of S and of the fiber product 
X Xs S', respectively, such that S' ^ S and X' ^ X are etale over U and 
f~^{U), respectively. Let f : X' S' be the induced map. By construction, 
fiKx'/s' — C's' on some Zariski open subset U' C 5", where the complement 
consists of points. Let V C U' be the Zariski open subset of U', where /' is 
smooth. The (flat) section of fl^Kx' /s'\v' induces a section of _R^/^C|y. By 
[Fu|, Lemma 4.4., 



H"{S',R^fX) - H"{V',R^fi.,,C). 

Leray spectral sequence gives an exact sequence 

— > H^{S',C) — > H\X',C) — > H^{S\R^fX) — ' 0. 

Hence q{X') — q{S') + 1, i.e., there exists a holomorphic 1-form lo on X' , which 
does not vanish on the general flber of /'. 

Let H' C 5" be the preimage of some sufficiently general curve H C S 
contained in U, and let X^, = f'~'{H'). Then : X'^, H' is an elliptic 
surface and f'u'^^Kx'^jH' — Or'- The differential ^ followed by 

the surjection il^/ Ox' , from (4.4) in the proof of Proposition 4.3 induces 
a sequence 

— ^ K' — ^ rj^, \x' , — >Ox' , — > (5.3) 



(ff X' is smooth over f/', then K' = f'*n\j,\x' 
that (5.3) is surjective on 7J -level. Sequence (5.3) hence splits. Since X' 



The 1-form uj guaranties 

X 

is etale in a neighborhood of X'^j,, the bundle fJ^, |x' , is the pull-back of ^\ 
to X'jj,. The argument from 1.7 shows now the pull-back of Kx to X'^, is 
numerically trivial, contradicting k{X) = 2. □ 
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It remains to consider the case k{X) — 1. By Example 1.2, a smooth 



projective threefold with a holomorphic projective connection and n{X) — 1 
does exist. Our aim is to prove that this is the only example. Before we come 
to this, we briefly recall: 



5.4 Ramified resolution of multiple fibers. Let f : X C he an almost 
smooth fibration with multiple fibers Fi, . . . , Fi of multiplicities mi , . . . ,mi. 
Define 



A ramified base-change tt : C ^ C of degree m = l.c.m.(mi, . . . , to/), ramified 
over the critical values of / and one additional point gq G C, leads to a smooth 
fibration f : X' — > C", where X' is the normalization oi X Xq C (see for 
example [Kd|). Let /i : X' — > X be the induced ramified cover. On X' we have 
the commutative diagram 



^n*if*Kc(»OxiD)) 



X 







0, 



(5.5) 



where p is the pull-back of the cokernel map of f*Kc <E) Ox{F>) 



5.6 Proposition. Let X be a projective threefold with a holomorphic projective 
connection and k[X) = 1. Then X is, up to an etale cover, a smooth abelian 
fibration over a smooth curve C and 



ci{Kx)^2ci{Kx/c) « H\X,n\). 



(5.7) 



C of abelian surfaces as in Proposition 
and E^'^ 



IS 



A smooth family / : X 
non-isotrivial. Let E^^^ = f*n]^/c and E°'^ = R^f^Ox- The Higgs field ofthe 
Higgs bundle {E^''^ © E'^'-^, 9) is given by the edge morphism 



01,0 '■ f*^\ 



of the sequence 







x/c 



R^UrKc^Kc®R^f.Ox 



(5.8) 



X 



"x/c 



0. 



The equality ci{Kx/c) = ci(/*i^c) implies that Oi^ is an isomorphis m (|VZ2 | 
or see the proof of Claim 2), and that the Arakelov inequality (|Pt|, [ VZ2 |) is 
sharp: 

2deg{E^'°)^2deg{Kc). 

The authors are grateful to E. Viehweg for pointing out one of his and K. 
Zuo's recent results ([VZ2]): let / : X — > C be a smooth non-isotrivial family 
of abelian surfaces with maximal Higgs field. Then there exists an etale cover 
C — > C, such that C" is a Shimura curve parametrizing false elliptic curves and 
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X' — X XcC is the corresponding universal family ([VZ2], Corollary 5.2). One 
idea is to study the global endomorphisms of i?^/* 
on EndQ(A), A the general fiber of /. 
Proposition 5.6 hence implies 



in order to get informations 



5.9 Corollary. Let X be a projective threefold with a holomorphic projective 
connection and k{X) = 1. Then X is, up to an etale cover, a smooth modular 
family of false elliptic curves. 



Corollary 5.9 completes the proof of Theorem 5.1 



Proof of Proposition 5A^ . Let X be as in Proposition 5^ . By Theorem 3T , X 
is minimal. Let / : X — > C be the litaka fibration of X. As noted above, / is 
an almost smooth abelian or hyperelliptic fibration. 

The proof is in two steps. We start with a ramified resolution of the singular 
fibers f : X' C as explained in bA and prove a numerical property in 
Claim 1. Then we show that there is an etale resolution of the singular fibers 
in Claim 2 to 4. This will conclude the proof. 

Claim 1: The map f is a smooth family of abelian surfaces with moduli in the 
fibers. Moreover, 



4 



m H\X',Snd{n]^,/c,) 



(5.10) 



Proof of Claim 1. For simplicity, we first assume / is smooth, i.e., D = 0. Note 
that in this case (5.1C) implies the Chern class equality (5.7). 
Consider the canonical sequence 







f*Kc 



X 



0. 



We want to prove q(^x/c( 4'^ )) ~ ^i^x/c^ ~ 



XjCI 



x/c 



ci(Kx) _ 
4 



(5.11) 



and that 



/ is a non-trivial family of abelian surfaces. The method from |1.7| applied to 
sequence ( ^.11 ) gives a map 



i) : H^{X,£nd{n]^/c)®^x) — > H^{X,n\/c ®Tx (5.12) 

such that -(/'(a(il^yp(— j^))) = 0. It is easy to see that ip is injective, if / is an 
analytic bundle of abelian surfaces. This implies q(^x/c( ~^"^ )) ~ ^ ^'^'^ hence 
— 2ci{Kx/c) — ci{Kx), contradicting k{X) = 1. If the general fiber of / is 
not abelian, then it is hyperelliptic. In this case, X is an elliptic bundle over the 
relative Albanese variety A{X/C). Here, A{X/C) is projective and an elliptic 
bundle over C; the fibers are the Albanese tori of the fibers oi X ^ C (for 
details see [DPS|, 3.12., or [Q). As above, we get a contradiction to k{X) = 1. 

The map / hence is a smooth family of abelian surfaces with moduli in the 
fibers. The first part of Claim 1 is proved. Unfortunately, in this case, tp will 



not be injective, i.e., we need a different argument to conclude formula (5.10) 



14 



Since / is an abelian fibration, E = E^'^ = /^fJ^^p is a nef rank 2 vector 
bundle on C (|Gr|). Moreover, ^x^^ — f*E. The Kodaira-Spencer map of / is 



non-zero, implying that the tangent sequence of a fiber is non-split in general. 
This shows f^Tx ^ f*Tx/c ^ E* and 



rk(/,f^^) = l,2. 



(5.13) 



For some m ^ 1, we have niKx = f*-A, A some ample divisor on C. 
The class q(^x/c( "4"^ )) pull-back followed by the differential df of 



^ ^ 4m 



)) G H^{C, Snd{E)®Kc). The map ip from ( |5.12| ) fits into the diagram 
obtained from Leray spectral sequence 



H^{C,£nd{E)(g}fM]i)^ 
H^{C,E® f,{Tx®n\)f 



H^{X',£nd{n\^^)®n\) 



f*^x) onto the 



The top line maps the image of a(£'(^)) in H^{C,£nd{E) ^ j*^^x) 
class a{n],,c{^)). Since ^{a{n]^/J^))) = 0, the image of a{E{=^)) in 



H^{C,£nd{E) ® f*^x) is mapped to zero by tp' . Hence, if tp' is injective, then 
a(r2^yp(— j^)) = as claimed. 

The map i/j' is injective, if the inclusion E*®f^,Vl\ ^ I*{Tx®^\c)^ obtained 
from the push-forward of 



T 



x/c 



Tx 



X 



0, 



ikif4Tx^n],)) = 2-Tki,Ufl],) 
defines the extension 



splits holomorphically. By ( 5.13 ), rk(/*173f ) = 1> 2. A direct computation shows 

) 



1 . We claim that E* (g) ^ /* (^-X ' 







E* (g, f,n], — > f,{Tx (E> n],) Oc 



0. 



(5.14) 



Indeed, first note that the cokernel of E* ® ^ I*{Tx ® ^\c) is contained 

in Tc (8) and hence free. Secondly, note that the cokernel has a section 

coming from id G {X, Tx 
we get (^.141). 



Using this and the fact that / is smooth. 



In (5.14), the canonical section in H^{CJ^{Tx ® n]^)) ^ H"{X,Tx ^ fl 



maps to 1 G H°{C,Oc), i.e., (5.14) is surjective on _ff°-level. This shows that 
(5.14) splits holomorphically. Hence "0' is injective and Claim 1 is proved in the 
case where / is smooth. 

If / is not smooth, i.e., if D ^ 0, then the proof of Claim 1 gets slig htly more 
complicated. One has to use the top line of ( |5.5| ) instead of sequence ( 5.11 ) and 



has to make use of the fact that r2^,yc' comes from X. However, since the main 
argumentation remains unchanged, we omit the details. Claim 1 is proved. 



15 



In order to complete the proof of Proposition 5.6, it remains to show that 



we can find an etale cover of X , resolving the multiple fibers (which is only a 
problem if C = Pi). 

By Claim 1, /' is a smooth fibration of abelian surfaces. As in the smooth 
case define E — /^il^^c'- This is a nef rank 2 vector bundle and 



Let Rd C C" be the part of the ramification divisor of C 
critical values of /. 

Claim 2: The edge morphism from (|5. 



C lying over the 



Od : f:^]cnc' =E^ f:t^*irKc ® Ox{D)) ® R'nOx' 



is an isomorphism. 



(5.15) 



If / : X — !■ C is a smooth abelian fibration, then Claim 1 implies, that / 
reaches the Arakelov bound. It is well-known that 6'£) = 6*10 from (5^ 
isomorphism in this case (see |]VZ2[| ). 



Proof of Claim 2. By ( p^), rk {fin\,) = rk{fifi*n].) = 1, 2. In fact, the rank is 
one: with notation from [|VZ2t, E = E^^^ = F^^^®N^'°, where N'^'° = ker(6'i,o) 
is a numerically trivial line bundle or zero, and F^'^ is ample. But if E is 
decomposable, it will decompose in a sum of two line bundles of the same degree 
by Claim 1. Therefore, TV^'O = and rk(/>*n^) = 1. 

Since n*{f*Kc^Ox{D)) = f* {a* Kc®Oc'{Rd)), the top sequence in ( p| ) 
shows that 9d is injective. Using relative duality and ci{Kx) = 2ci{f*Kc i8> 
OxiE))) from Claim 1, a direct computati on sh ows immediately that the degree 
of the vector bundle on the right side in ( 5.15 ) is degE'. The map 9u is hence 
an isomorphism. Claim 2 is proved. 



Claim 1 imphes ci{Kx) — 2ci{f* Kc ®Ox{D)). We may assume that this does 
not only hold numerically: 

Claim 3: We may assume Kx ^ {f*Kc ® Ox{D)f. 

Proof of Claim 3. The isomorphisms 9d and R^fiOx' — {R^ flKx' /C'Y imply 
{detEf = {f'^^i*{f*Kc®Ox{D))f. Since fi*{f*Kc(E>Ox{D)) comes from C", 
the pull-back gives (/'* detE)^ ~ {p*{f*Kc ® Ox{D))f. Using (U), we find 
that n*{Kx ® {f*Kc ® OxiD))^"^) is a torsion line bundle on X' . Hence 

T^Kx® {f*Kc ® Ox{D))-^ 

is torsion on X. After an etale cover v : X X, T becomes trivial. If 
/ : X ^ C is the Stein factorization oi v o f , then Kj^ ~ {f*KQ (X) 0^(1)))^, 
where D is defined as in We may hence assume Kx — {f*Kc <8) Ox(-D))^. 
Claim 3 is proved. 
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If Kx ^ irKc ® OxiD))^, then Kx'/c ^ f^*{rKc ® Ox{D)), implying 
R^fifJ^*irKc ® Ox{D)) R^fiKx'/c ^ Oc by duality. Since Od is an 
isomorphism, the push-forward of the top line in (^) gives 

R'fiy^*^^ R'fi^x'/c" -E®E* 

The second map is nothing but the trace map. The pull-back of an ample divisor 
on X to X' induces a non-trivial section of fl^*Vt^^. We get a non-nilpotent 
endomorphism of E whose trace is zero. This shows that E is decomposable 
(0, Proposition 16). Claim 1 implies that E decomposes into a sum of line 
bundles of the same degree. Since ci(ri^,yp,) — \ci{^*Kx) — ci{^*{f*Kc iX> 
Ox{D))) = ci{f'*{a*Kc ® Oc'{Rd))) on X' by Claim 1, we have deg(£;) = 
deg{(T*Kc ® Oc'{Rd))- In particular we have that 

deg(i?z3) - m • E U ^ is even. (5.16) 

Claim 4: There exists an etale cover X X such that X is a smooth abelian 
fibration over a smooth curve C . 

Proof of Claim 4- By Claim 3, we may assume Kx — {f*Kc ® Ox{D)Y. Then 
Kp — Np/x '"^ ^i^e reduction F of any fiber implying that the only singular 
fibers of / are multiples of hyperelliptic surfaces of multiplicities 2,3,4,6. Let 
S2, S3, S4, sg be their number, respectively. 

We call a ramified base-change C ^ C Stale on X, if the induced map 
X = {X cy''"™ X is etale. Assume that we have some even number of 
points on C, over which we have only multiple fibers of even multiplicity 2, 4 or 
6. Let C ^ C he the 2:l-cover, ramified along this points. The corresponding 
base-change is etale on X and reduces the multiplicity of the chosen fibers from 
2, 4, 6 to 1, 2, 3, respectively. After a base-change, etale on X, we may hence 
assume S2 + S4 + se — or 1. Similarly, using 3:l-covers, we may assume 
S3 + S6 = 0, 1 or 2. 

If C ^ Pi , then C admits etale covers of arbitrary degree and we may assume 
that each Si is divisible by any given number. Hence, in this case, a ramified 
base-change, etale on X, leads to a smooth abelian fibration f : X ^ C. 

If C = Pi , then the total number of multiple fibers is at least 3 since Kx is 



nef (or see |VZ1|). As explained above, we may assume S2 + S4 + Sg = 0, 1 and 
S3 + sg = 0, 1, 2. Then S2 + S4 + sg = 1 and S3 + sg = 2, i.e., sg = 0, S3 = 2 and 
either S2 = 1 or S4 ~ 1. In the case S3 = 2, S2 = 1 we have deg(i?£)) = 11. In 
the case S3 = 2, 54 = 1 we have deg(i?£)) — 25. By ( 5.16| ), on the other hand, 
deg(i?i3) must be an even number. Claim 4 is proved. 



Claim 4 together with Claim 1 prove the Proposition p.6\ □ 



References 

[A] M. F. Atiyah: Complex Analytic Connections in Fibre Bundles. Trans, 
of AMS 85, 181-207 (1957) 



17 



[BPV] W. Barth, C. Peters, A. Van de Ven: Compact complex surfaces. 

Springer, 1984 

[B] A. Beauville. Varietes kahleriennes dont la premiere classe de Chern 
est nuUe. J. Diff. Geom. 18, 755-782 (1983) 

[C] F. Campana: Reduction d'Albanese d'un morphisme propre et faible- 
ment kahlerien I. Comp. Math. 54, 373-398 (1985) 

[DPS] J.-P. Demailly. Th. Peternell, M. Schneider: Compact complex mani- 
folds with nef tangent bundles. J. Alg. Geom. 3, 295-345 (1994) 

[FC] G. Faltings, C.-L. Chai: Degeneration of Abelian Varieties. Springer 

1990 

[Fu] A. Fujiki: On the structure of compact complex manifolds in C. Adv. 
Stud. Pure Math. 1, 231-302 (1983) 

[Gr] P. A. Griffiths: Periods of integrals on algebraic manifolds. III. Publ. 
IHES 38, 125-180 (1970) 

[Gu] R. Gunning: On Uniformizations of Complex Manifolds. Mathematical 
Notes 22, Princeton Univ. Press 1978 

[IKO] M. Inoue, S. Kobayashi, T. Ochiai: Holomorphic affine connections on 
compact complex surfaces. J. Fac. Sci., Tokyo, Sect. I A 27, 247-264 
(1980) 

[Ka] Y. Kawamata: Abundance theorem for minimal threefolds. Inv. Math. 
108, 229-246 (1992) 

[KMM] Y. Kawamata, K. Matsuda, K. Matsuki: Introduction to the minimal 
model problem. Adv. Stud. Pure Math 10, 283-360 (1987) 

[KO] S. Kobayashi, T. Ochiai: Holomorphic projective structures and com- 
pact complex surfaces I, II. Math. Ann. 249, 75-94 (1980); 255, 519- 
521 (1981) 

[KW] S. Kobayashi, H. Wu: Complex differential geometry. DMV Sem. 3 
(1983) 

[Kd] K. Kodaira: On compact Analytic Surfaces: II. Ann. Math. 77, 563- 

626 (1963) 

[LB] H. Langc, C. Birkenhakc: Complex Abelian Varieties. Springer 1992 

[MP] Y. Miyaoka, T. Peternell: Geometry of Higher Dimensional Algebraic 
Varieties. DMV Sem. 26 (1997) 

[MM] R. Molzon, K. Mortensen: The Schwarzian derivative for maps between 
manifolds with complex projective connections. Tr. AMS 348, 3015- 
3036 (1996) 



18 



[Mol] S. Mori: Projective manifolds with ample tangent bundles. Ann. Math. 
110, 593-606 (1979) 

[Mo2] S. Mori: Threefolds whose canonical bundles are not numerically ef- 
fective. Ann. Math. 116, 133-176 (1982) 

[MoMu] S. Mori, S. Mukai: The uniruledness of the moduli space of curves of 
genus 11. Alg. Geom., Proc. Tokyo/Kyoto 1982, LNM 1016, 334-353 
(1983) 

[O] K. Oguiso: On algebraic fiber space structures on a Calabi-Yau 3-fold. 
Int. J. of Math. 4, 439 465 (1993) 

[Pe] T. Peternell: Manifolds of Semi-positive Curvature. Cetraro 1994, 
Springer LNM 1646, 98-142 (1996) 

[Pt] C. Peters: Arakelov-type inequalities for Hodge bundles. Preprint 
(1999) 

[S] I. Satake: Algebraic structures of symmetric domains. Princeton Uni- 

versity Press 1980 

[T] G. Tian: Kiihler Einstein Metrics on Algebraic Manifolds. Getraro 
1994, Springer LNM 1646, 143-185 (1996) 

[VZl] E. Viehweg, K. Zuo: On the isotriviality of families of projective man- 
ifolds over curves. J. Alg. Geom. 10, 781-799 (2001) 

[VZ2] E. Viehweg, K. Zuo: A characterization of certain Shimura curves in 
the moduli stack of abelian varieties. Preprint (2002) 

[VdV] A. Van de Ven: A property of algebraic varieties in complex projective 
spaces. GoUoque de geom. diff. gl. (Bruxelles, 1958) 

[Y] Y. G. Ye: On Fano manifolds with normal projective connections. Int. 
J. Math. 5, 265-271 (1994) 



Universitat Bayreuth, Mathematisches Institut 
D-95440 Bayreuth, Germany 
e mail: 

ivo. radio ff@uni-bayreuth. de 

priska.jahnke @uni- bayreuth. de 



19 



